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Fig. 6 Discharge-chamber total efficiency r\'T as a function of beam
current IBfor 2-mIb optimized DCM.

confirmed by obtaining a mercury flowrate measurement
from volumetric displacement of a liquid column over a 1-h
period. Discharge-chamber performance for a given con-
figuration was characterized for operation over the range in
discharge voltage 37V<KD<40V and over a range of
discharge current values (determined by discharge stability)
with KD = 40V.

The basic geometry of the 2-mlb DCM has also been ten-
tatively chosen for operation at the thrust level T= 4 mlb with
performance modifications resulting mainly from a change in
the method of delivery of mercury vapor to the discharge
chamber. In the present 4-mlb DCM configuration, ap-
proximately 30% of the mercury-vapor flow is transmitted
through a diffuser plate located between the end of the
discharge chamber and the base of the cathode-cup polepiece.
Thus far, no optimization of discharge-chamber size or
magnetic field shape or intensity has been attempted and only
preliminary optimization has been attempted with regard to
cathode position or in selection of electron baffle size and
diffuser plate design.

DCM Performance
The results of the 0.5-mlb DCM optimization tests are

shown in Figs. 3 and 4. In Fig. 3, the discharge specific energy
e/ is plotted as a function of discharge-chamber propellant
utilization efficiency rj^. The utilization efficiency reaches a
maximum value of ^—80%. In Fig. 4, the discharge-
chamber total efficiency r/f is shown as a function of a beam
current IB\ discharge-chamber total efficiency reaches a
maximum value for beam currents in the range
35mA</fl<40mA.

The results of the 2-mlb DCM optimization tests are shown
in Figs. 5 and 6. Figure 5 shows that discharge-chamber
propellant utilization reaches a maximum of 93%; Figure 6
shows that total discharge-chamber efficiency rj'T varies only
slightly over the range of beam-current values recorded.

Table 2 summarizes performance of the three DCM's in
their final configurations with ion-machined accel apertures,
Performance of the 1-mlb EMT with chemically machined
accel electrode is also included for reference. For the 0.5-mlb
DCM with the ion-machined apertures, discharge-chamber
propellant utilization is significantly higher than the values
obtained with photo-etched apertures shown in Fig. 3. This
difference is not as pronounced for the 2-mlb DCM, however,
since the aperture diameters of the 2-mlb DCM ion-machined
optics were nearly identical to the 2-mlb DCM photo-etched
apertures.

Conclusions
An efficient method has been developed for scaling the

thrust level of an ion thruster by use of separate discharge-

chamber modules while retaining all critical subassemblies of
the basic system design.] This scaling has been demonstrated
in the range of thrust levels from 0.5-4.0 mlb.
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Approximate Velocity of Bodies
Powered by Cold-Gas Thrusters

with Small Propellant Mass

M. D. Bennett*
Sandia Laboratories, Albuquerque, N. Mex.

Nomenclature
b = mass-fraction parameter = X/ (1 - X)
Cj = initial speed of sound in propellant gas, m/s
Is = thruster specific impulse, m/s
k = specific-heats parameter = 2/(7 - 1)
mf = vehicle final mass, kg
mi = vehicle initial mass, including propellant gas, kg
R = gas constant, J/kg-K
TI = gas initial temperature, K
vma\ = vehicle terminal velocity, m/s
7 = ratio of specific heats of ideal gas
{" = specific-heats factor = (7 + 1 )/(y - 1)
0 = specific-heats term = [2/(y+ l ) ] [ 2 / ( y - 1)]1/2

X = vehicle mass fraction = niflmi

Introduction

SEVERAL previous investigations of the translational
motion of a missile discharging an inert propulsive gas

from a thermally insulated tank involved an integral equation
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that expressed the ideal velocity attained by the body. *~3 The
analytical solution pertaining the general case of arbitrary
specific-heats ratio 7 had the form of an infinite geometric
series. However, for the category of fluids that yield integer
values of the function f(y)= 2/(y- 1), which describes the
molecular degrees of freedom in an ideal gas, a relatively
compact formula evolved. Ultimately, the special solution
was expanded in detail for the monotomic and diatomic
gases.1'2 For the polyatomic gases, resort was made to
numerical solution because the governing analytical ex-
pression becomes somewhat unwieldy with the many-degrees-
of-freedom gases.3

In the present discussion, an approximate solution of the
velocity equation is developed to provide a more convenient
means of assessing the effects of various design parameters.
The approximation applies when the working fluid comprises
a small part of the total mass, which is the usual situation with
current designs of cold-gas thruster systems. It displays
particularly good accuracy in the case of the polyatomic
gases, where numerical solution was formerly used.

Solution of Velocity Equation for
Small Propellant Mass

The integral equation that describes the ideal velocity
imparted to a missile due to releasing a pressurized gas from a
thermally insulated tank was previously found to be (see Eq.
(3),Ref.2)

^mpy = (1)

where k denotes, in effect, the molecular degrees of freedom
of the working fluid; c/ = ^/yR Tt represents the fluid's initial
speed of sound; and the dimensionless parameter 3 is

(2)

This integral has a known solution1'2 for integer values of k,
but the terms of the resulting expression become increasingly
cumbersome, as well as more numerous, if k becomes large,
which is the circumstance with polyatomic gases.3

A general solution of the equation that describes the
vacuum velocity of the variable-mass body may be obtained
by writing the integrand of Eq. (2) as a binominal series, and
integrating each term separately. With that procedure, the
velocity factor (1-5J) becomes

7-0=.
lib (lib)2

1 + k l+2k
(lib)3

l + 3k
(lib)4

». (3)

provided that the propellant mass does not exceed one-half
the total mass, i.e., provided !/& = (! -X) /X<1 , which
corresponds to X = mf/ml > l/2.

Equation (3) may be rearranged in the form of a
logarithmic parameter plus a residual series:

\l + k

7+t /+7)y if— v+ii\ X / J (4)

The summed function in the above formula is a rapidly
converging series with terms of alternating sign, and the error
due to truncating theyth and higher order terms is less than

\\7+j) Ll+(j+l)k\ \~T~
-XV+/
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Fig. 1 Comparison of approximate velocity formula with integral
equation for various working fluids.

If the propellant mass is initially small (X-*l), the summed
term in Eq. (4) approaches zero. In that event, the asymptotic
solution for the velocity factor becomes (1-5J) = (1 +
k) ~;IW(1/X). Consequently, the approximate solution of the
integral equation reduces to

(5)

Written in terms of the ratio of specific heats, the alternative
form of Eq. (5) is

(6)

Equation (6) provides a simple means of estimating the effects
of the type and quantity of propulsive fluid, and the initial
temperature.

Approximate Velocity in Terms
of Specific Impulse

The velocity may be expressed also as a function of the
thruster impulse. It has been shown (Eq. (7), Ref. 1) that the
impulse 7 produced by isentropically discharging the gaseous
contents.of a tank through an infinite area ratio nozzle into a
vacuum is 7=0/w/c /, where /??/ represents the gas initial mass
and the premultiplier 6 is a known function of the specific
heats ratio. The corresponding specific impulse Is is

Is=dCi (7)

According to an elementary molecular model,4 the ratio of
specific heats is related to the internal degrees of freedom by
the formula 7= (k + 2)/k. When this formula is substituted
into Eq. (7), the specific impulse takes the form

(8)

Since the right-hand side of Eq. (8) is the same as the coef-
ficient of the logarithmic function in Eq. (6), the approximate
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equation of velocity reduces to

(9)

Equation (9) is identical, except for the "approximately
equal" notation, to the well-known formula that gives the
ideal velocity attained by a conventional rocket in a
gravitationless vacuum,t the derivation of which assumes that
the exhaust velocity and mass flow rate remain constant. Both
of these items, however, are varying in the case of the cold-gas
thruster.

Accuracy of Approximation
By comparing Eqs. (1) and (5), it may be seen that the

terminal velocity, according to the approximate formula, is
slightly overestimated. The maximum percentage error occurs
with thrusters using the monatomic gases (k= 3 or j= 1.667),
and amounts to about 5% in the extreme case of X= Vi. As
indicated in Fig. 1, the difference between the two equations
decreases as A: or X grows large, such that the error in any
situation does not exceed 1 % for propellant mass fractions
ranging up to 10%.

tSee, for example, Ref. 5.

It may be concluded that for the class of cold-gas thrusters
containing small propellant mass, the approximate velocity
equation closely represents the integral equation of ideal
velocity. The abbreviated formula permits the effect of
various design factors to be readily determined.
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Technical Comments.
Comment on "A Re-Entry Control
Effectiveness Methodology for the

Space Shuttle Orbiter"

Lars E. Ericsson and J. Peter Reding
Lockheed Missiles & Space Company, Inc.,

Sunnyvale, Calif.

IKAWA, in his strip-analysis of the control characteristics
of the Space Shuttle Orbiter,l draws conclusions that easily

can be interpreted to mean that there are no significant three-
dimensional flow effects in the separated flow region
generated by windward side control deflection. This is a gross
misinterpretation of the experimental results.

Even when the inviscid flow is axisymmetric, large-scale
three-dimensional flow characteristics are observed in the
separated flow region caused by a compression corner.2

Consequently, the "nearly two-dimensional" attached flow
characteristics existing on the windward side of the Orbiter,
deduced from the flow picture in Fig. 2 of Ref. 1, and also
demonstrated by the theoretical and experimental in-
vestigations by Adams et al.,3 does not imply that the control-
induced separated flow region also will be "nearly two-
dimensional" in character. Ikawa admits as much but con-
cludes that because the control hinge line is unswept in his
case the gross effects on the Space Shuttle Orbiter control
surface effectiveness can be analyzed by his strip-theory
approach with reasonable accuracy "even though the
microscopic flow field detail may be highly three-
dimensional." If the three-dimensional effects truely were
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microscopic, this would be true. However, Whitehead and
Keyes4 tested a control with straight unswept hinge line on a
delta wing and found the separated flow region to be highly
three-dimensional, containing large-scale vortices. These
separated flow characteristics were obtained with natural
boundary-layer transition occurring well inboard of the
leading edge. When roughness was applied near the leading
edge, causing the transition to move closer to the leading
edge, a more regular separated flow region was obtained.
Even in the more regular separated flow region obtained with
roughness, the effects of spanwise flow were found to be
large. The effect of this spanwise flow is to shrink the
separated flow extent4 and to decrease the pressure in the
separated flow region.5 The results presented by Marvin et
al.6 show such three-dimensional flow effects even for
control-induced turbulent flow separation.^

Ikawa1 acknowledges that spanwise flow tends to reduce
the separated flow region. This "shrinking" of the separated
flow region due to spanwise flow will by itself, without
considering any pressure changes, change the separation-
induced loads. The sketch in Fig. 1 illustrates how the
decrease of the extent of the pressure plateau causes the
separation-induced normal force to lose the forward com-
ponent ACyyy. The earlier reattachment on the flap adds the
aft normal force component &CN2. For a certain control
geometry it is possible that the two force components could
cancel each other, i.e., ACN2 -&CNI = 0. However, in this
case the pitching moment would be decreased by the
s t a b i l i z i n g componen t ACm = — A£ < ACyy, where
ACyV = ACyv/=ACN2. Ikawa's data display precisely these
characteristics (Fig. 8 of Ref. 1). That is, the measured
control-induced normal force is essentially in agreement with
prediction, whereas the measured control-induced pitching
moment is underpredicted.§ Thus, a comparison between
strip-theory and experiment based upon gross normal force

$The 22 deg swept hinge line may have contributed somewhat to the
three-dimensionality in their case.

§This is clearly the case for a = 40 deg, whereas the experimental
data scatter extends across predictions for a = 30 and a. - 20 deg.


